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FOREWORD 

To the Te({clwrs o.f Mlssou rl : 

Tlie 1.Y((t/1enud lc8 Depart nu:nt o._f the Ji'irst 

DistJ'ict No1'Jn(ll Sc/1001 J)l'eJH//'<!8 tlu's B ulletin in 
tl1e l1ope tl1rtt it nury p1'esr✓nt rt?ul discuss SOJJlf topics 

tlurt rn'e both inteJ'est in (I (/'Jld s 11 (I (Jest i1 1e, tlutt it 'will 

J'a ise rtnd a1usu1e1· ::;O11te of' the questions that co1~front 
the ter1cliers o._f .11£((tlu:niatics in ..... ¥ortherr,·t M issouri, 

and tliat to rd! readers it may oe a source o.f inspira­
tion for 11udliematica1 tliouolit and i n1 1estz'.oation. 
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THE USE OF THE GRAPH IN GEOGRAPHY 
TEACHING 

BY BYRO~ COSBY 

Cross section or graph paper serve\ n, very practical purpose 
in 1nat hrn1atics in 1naking clefinii r statc111ents. It can he u. eel 
very satisfactorily in grography work in the 111ap drawing. For 
the n1orc ele1ncntary grades the unit scale rnay be thr cit y block, 
t o,vn lot or the part of a n1ilr. The base line ,'hould he rulrd 
heavy or in a diffcrC'nt color t.han the location lines. T1hc base 
lines should cros. at thr location of the school house, or at so1nc· 
wrll known point in the neighborhood of the hou.·e. \'Vit h the 
8chool house as a starting point wrll kno-wn placrs n1a:v be located, 
as ihe town hall, ihr churclH'8, railroad .·tation8, a.11d honws of 
the 111cn1hcrs of ilw clas:-;. If thr school is in the country, thr 
nrarby villages ancl f anu houses n1ay b(• located. Or if i lw gra.dP 
is 1110n) nclvancrcl, t hr trre. nnd objcet8 on t hr school ground~ 111ay 
b(• \Try aecu rat ely placed by HH.'a~uring in two direct ions f ro111 the 
starting point, thr school housr. Onr 1nighi i-.;tudy the strrrt 
location schc1110 oft hP town a8 an ('xercise. ..\.ftcr local grograph_,, 
has h('Cn studied the idea can lw Pxtrndcd to the- count)' and 
state 1nap 1naking. 

In t hr clcn10n t ary gradc-s t hr 1naps in t hc- hooks should hP 
ruh'd on the sa111e scale as the graph paper us('d, varying thr size 
of thP scale- according to the gi·adc1 or dc-greP of advancP1nrnt of 
t hr st uclcnt.. In the prin1c.u·y- grndrs the srnlr. 1night vary fro1n 
one i11ch to one half of an inch , a11cl in ih<' upper graclc-s to at 
lrasi. a qtuu'tcr of an inch, the standard senle u~cd in architectun'. 
Thc ruling of the i<'xts in thr c-lrn1Pntary grades should he done 
by the t.each('l'. 1-,lH'n with graph pa.pc'r of thr sa1ne scale the 
nutp 111nking lx'co1ncs valuable. Boundnr)' linrs, rivrrs, n1oun­
i ain rangrs and ot hc,r itrnis st udiecl cnn he placed in co1T<'<'i rPla­
tion quickly. 'fhc child thuH grts a co1Tect vic'wpoint with respect 
to rrla.t.ive1 position, distance, size and direction. 

In the intrnnrcliatc' grade the c-x(•rcis<' i. rxtrndPd to latitude 
and longitude, the cquai or and the prin1e 111criclian bring the 



base lines. Cities con·ectly located \vith respect to latjtude and 
1ongitude enable._ the t uclrnt to get an experience that is asso­
ciai ed ,vith the data, hence he ,vorks with a clearer understanding. 
l'he study of township and range lines with graph paper ruled to 
represent to,vnship , "'ith their sections of land, furnishes problen1s 
of location, fonu and area. ~Iany other exercises suggest the1n­
sclv0s to the teacher. 

1'he object to hr gained in the use of the graph paper is the 
accuracy of the 1nental picture given to the student. If the 
visual picture is accurate, the auclilc i1npression correctly given, 
and both co-ordinated with the 1nuscular sensations arising from 
i he actual and accurate placing; of the points being studied, the 
" Tork n1ust have an educational value. 

The plan aL o gives a chance to introduce the n1athe1natical 
11otio11 of function al relation, that i that everything depends 
upon son1e other thing. This kind of work leads to a graphic 
repre 'Cntation of soil survey, the a111ount of precipitation, loca­
tion of drainage pipes, the yield of grain per acre, the laying out 
of roads and " Talk .. , the clra"·ing of plans for houses, the cost per 
studrnt per year for his education in the various grades, the 
relative inco1nc and expenditure in the various econornic and 
social activities. 

Xot only docs the above plan give ccono111jcal results in cer­
tain phasrs of geography teaching but helps to relat~ the geography 
to aritlnnctic in a ,Yorking ,yay, thus n1aking for unification in our 
systrn1 of kno,Ylcdgc. 

'' ::\lathcmatics is the glory of tlw human mind. "-LEIB:'\ITZ. 

'' :\Iatlwmatics is the n10st marvelous instrument created by the genius 
of mnn for thr discovery of truth. "-LAJ HAXT. 
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A PLAN FOR THE STUDY OF STOCKS AND 
BONDS 

BY \VM. H . ZEIGEL 

Experirnce gives the student the best insight into business 
forms and practicrs. Chocks, notes, deeds of trust, warranty­
deeds, chattel 1nortgages, quit-clai1n deeds and insurance policies 
should be handled and studied. The offices of the notary public 
and recorder of doeds should be visited, their functions and 
records examined. vVhen this is done and the class has 1nasterccl 
so1nc of the simpler things suggested, it is ready to take up the 
study of stocks and bonds. 

The ormal Schools arc in close touch with rural life. An 
observant person quickly sees that in farn1 ,vork alone, corpora­
tions scarcely exist. Some alert student will say: ",v e should 
have corporations for agricultural purposes. Such a con1pany 
could utilize the services of a skillful n1anager. This manager 
could secure experts in every line of f ann production that n1ight 
prove profitable where this corporation does business." \Ve no,v 
have a setting full of suggestions for that 1nost funda1n0ntal, 
difficult, and scientific occupation. Let us then proceed with the 
organization of a joint-stock co1npany for agricultural purposes. 
I shall report this briefly, but in the 1nain as it has been carried 
out in so1ne of my Teaching of Ari th1netic classes. ,v c have 
follo·wed the plan outlined in the · " Corporation La,vs of the State 
of Missouri." The procedure varies slightly in different states, 
and the reader ,vould do well to consult Brown and Coff1nan's 
"Ho,v to Teach Arith1nctic" and Thurston's "Business Arith­
metic." 

(I) A group of interested individuals in the class con1e 
together and decide to organize a corporation for agricultural 
purposes. 

(2) 1_,hesc parties solicit subscriptions for the stock. 
(3) T'hroc or 1noro persons subscribe a.nd actually pay up 

50% or 1nore of the proposed capital stock. 
( 4) A 1nccting is then called of all subscribers and a pcnna-
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nent organization is effected. Articles of corporation are drawn 
up sho\ving: 

( a) Tho name of the proposed corporation, 
(b) The place of business, 
( c) The amount of capital stock ($200,000), the number of 

shares (2,000), and tho par value of each ($100), and that 50% 
of the capital has boon subscribed, 

( d) The names and places of residence of the several share­
holders, the nurnber of shares subscribed by each, and tho number 
and nan1es of the directors agreed upon for the first year, 

(e) The nu1nber of years the corporation is to continue, 
(f) The purpose of the corporation, 
(5) All the stock holders sign this instrument and it is acknow­

ledged before a notary public, and recorded in the office of the 
recorder of deeds of the county in which the corporation is located. 
A certified copy of the articles of incorporation is then filed in the 
office of our student Secretary of State, who issues a charter to 
our corporation, thus showing that it is legally organized and 
ready for business. 

(6) Officers arc chosen by the directors and shares of stock 
arc issued to subscribers, and all other stock of the corporation 
not subscribed and paid for, at the time of organization may now 
be sold at par value and report be made to the Secretary of State. 

In the process of organization many very interesting questions 
in law and parlia1ncntary procedure arise which cannot possibly 
be 1nentioned in this brief article. But it is a n1ost effective corre­
lation of government and arith1netic, and in this particular case 
of agriculture also. 

Work of Directors 

--.-o\v the ·work of the Directors begins. They elect a Farm 
Manager and with him detennine the policies of the company. 
A f ann 1nust be bought, its location as to ready n1arkets, improve­
ments, water, kinds of soil, crops, good roads, church and school 
facilities, 1nust all be carefully weighed. vVith these factors in 
n1ind different properties are considered until finally a 1000 aero 
tract at $110 per acre is found. Then tho question of i1nprove­
ments and live-stock for the fann is considered. rrhere is 1nuch 
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discussion as to whether the $90,000 that is left is sufficient to 
stock, erect buildings, fence and equip this f arrn. When at 
length this is deemed sufficient, the special kinds of activities, 
such as production of cereals, stock farming, dairying and horti­
culture are advocated; and experts are elected to take charge of 
each department of ,vork. Then come the plotting of the farm, 
soil analyses, crop distribution, and the location of pasture lands. 

Dividends on Co mmon Sto ck 

Let us assun1e that our enterprise is no,v in operation, and 
that at the close of the first year w·e cleared h8000. The directors 
may declare this as a dividend, or all or any part may be used as a 
reserve and invested in the business. If the whole is distributed 
a1nong the stock holders a 4% dividend can be declared. John 
,vho bought 30 shares ,vill receive $120; James who bought 50 
shares ,vill recci ve $200. 

Suppose the second year ,ve clear $14,000. It is now evident 
that the directors could declare a dividend of 7% . Vv e must not 
fail to observe that the dividend is reckoned on the par value 
( 200,000) of the stock. If during the third year we clear $16,000 
the Board could declare a dividend of 8%. But, if by good 1nan­
age1nent and a favorable season, ,ve can during the fourth year 
clear $30,000, we rnay then declare a dividend of 15% . The 30 
shares owned by John no,v yield $450, and the 50 belonging to 
James bring hi1n $750. Suppose To1n and Henry did not invest 
at first, but ,vould now like to ~uy stock in our con1pany. John 
sells 'fon115 shares at $200 each, and James sells Henry 25 shares at 
$250 per share. If again during the fifth year the company clears 
$30,000, another 15% dividend can be declared, and this is on the 
par value of the stock. The par value of 1.,oin's 15 shares is 
$1,500, therefore Toni receives 15% of $1,500 or $225. John 
also receives a dividend of $225 on his 15 re1naining shares. But 
To1n paid $3,000 for his 15 shares ·while John only paid $1,500 for 
his 15 shares. 'Toni then receives 7½% on his investn1ent ,vhilc 
John receives 15% on his invest1nent. So also Ja1ncs and Henry 
each receive $375 on the:ir 25 shares. But since I--Ienry paid 
$6,250 for his 25 shares, he realizes but 6% on his investinent; 
,vhile for James ,vho bought at par this is 15% on his invcstn1ent. 

11 



This questjon then i1nn1ediatcly arises: Is it fair that Tom and 
Henry should 1nake only 7½% and 6% respectively on their invest-
1nent.s while Ja1nes and John 111ake 15% each? Uncertainty of 
inco1nc and principal, and priority of invesbncnt are advanced in 
justificatjon. l\Iorcover it is pointed out that it would be unfair 
for To1n to receive a larger dividend than John since they have 
the sarnc nu1nber of shares. The sa1ne n1ay be said of James and 
Henry, and the whole proc0ss for computing dividends on comrnon 
stock, and per cent of income on investn1ent has become clear. 

Dividends on Preferred Stock 

1"'he directors 1nay agree, because of their growing business, 
to buy an adjoining 160 acres of land which can be purchased at 
$125 per acre. For this purpose they n1ay decide~ to issue 6% 
preferred stock, "·hich they find can be sold at $125 per share. 
1"'he issue will then consist of 160 shares of pref erred stock, with a 
par value of $16,000. Suppose the Co1npany makes a profit of 
$30,960. The Board of Directors will first have to pay a 6% 
dividend on $16,000 or 960 before a dividend can be declared on 
the common stock. This ·will leave $30,000 to be divided among 
stock holders owning stock ·whose par value is $200,000. There-­
fore n. 15% dividend can be declared on the con1mon stock. It is 
at once seen that a person owning one share of pref erred stock 
receives a dividend of $6, but since he paid $125 for it, he receives 
but 4t% on his invest1nent. 

Watered Stock 

Finally, l\fr. Ash comes along with a patented machine for 
1naking artificial f ertilizcrs, and Mr. Bates co1nes with a hog 
cholera serun1 and a seru1n for tho hoof and mouth disease of 
cattle, and convince our directors of the merits of their patents. 
Mr. Ash gives to our con1pany the exclusive right to his patent 

,.,it_ for 750- shares of con1n1on stock; to Mr. Bates we give 500 shares 
of comn1on stock for the patents pertaining to his serums. We 
now have 3120 shares of c01nmon stock and 160 of preferred stock. 
After t rial the n1achines and serun1s prove valueless. The ferti­
lizers do not enrich, and the hogs and cattle that were treated die. 
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Our profit for the year was $5,640. We must first pay the 6% 
preferred dividend on 160 shares. This leaves $4,680 as a dividend 
on 3,120 shares whose par value is $312,000. We can then declare 
a dividend of 1 ½%. It will be observed that Ash and Bates have 
received valuable interests in our company, while vve in turn have 
received an interest in their worthless patents; and relying on 
their efficacy have suffered a loss in production. Next Mr. Case 
has an adjoining 10 acres which experts shovv is rich in ore. Our 
directors issue ~80 shares of stock to Mr. Case for this property. 
But the ore is refractory and cannot be separated. We have 
then 4,000 shares of common stock and 160 of preferred stock. 
We again make $30,960. After paying the 6% dividend on the 
160 shares of preferred stock ,ve have $30,000 to declare as a 
dividend on 4,000 shares of stock whose par value is $400,000. 
This dividend is 7 ½%. In the case of the machine, the serums and 
the mining land we have issued stock for property or rights at an 
over-valuation. Our stock is said to be "watered." 

Advantages of a Corporation 

The method of organizing a company, the terms used, the 
computation of dividends, per cent of income, kinds of stock, 
and ,vatered stock should now be clear and real. 

The class will be able to enumerate and illustrate so1ne of the 
advantages of a corporation: 

(1) Each stock holder is financially responsible for only the 
par value of his stock. 

(2) Opportunity for small investors to participate in great 
business enterprises; 

(3) An easy method for the trans£ er of ownership; 
( 4) The simplicity of the bookkeeping incident to transfers 

and computations of dividends; 
(5) Possibility of acquiring an interest in a business where 

one ·would not be qualified to assume direct control; 
(6) An easy means of borrowing money; 
(7) Possibility of great expansion in capital and organization; 
(8) Unity of purpose and manage1nent which enlists tho 

expert in all production. 
13 



Corporations and Partnerships 

The class will be able to compare corporations with partner­
ships. The students will readily see how difficult it would be to 
carry on a great business consisting of a thousand partners, where 
their individual notions would jnterfere with any definiteness of 
purpose, and each by his individual acts would be able to bind 
the credit of the company. The stockholder in a corporation is 
free to sell his stock, without asking the consent of any one, while 
in a large partnership because of trade and influence and good-will 
built up, it \voulcl be very difficult to release partners or to take 
in ne'N ones. ,vhen a partner dies, tho firm is djssolved. A large 
partnership would ahrays be in conf usjon; the calculations, because 
of the varying surns, and the varying periods of time involved, 
,vould bo 1nost co1nplicatecL Corporations for production con­
stitute one of the greatest achievernents of the centuries. With­
out the1n 1nodern business enterprise would be i1npossible. Busi­
ness efficiency 1;vould disappear, and the ,vorld's production would 
be reduced by half. 

In a very si1nilar 1nanner bonds 1nay be studied. This excur­
sion 1nto the realities of life 1nay seen1 to have but little arithmetic . 
about it, but lot it be ren1e1nbered that n1any girls and boys study 
for a long ti1no the subject of stocks and bonds and when through 
have but the faintest idea of the subject. If this plan can enable 
the student not only to solve the problems, but to understand 
this very important subject, it has served the real purpose of all 
teaching in n1aking the theory ancl the problen1 function in the 
concrete actualities of life. 

" The progress, the improvement of mathematics are linked to the 
prosperity of th? state. "-XAPOLEO~. 
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THE HISTORY OF MATHEMATICS AS AN 
INCENTIVE TO MATHEMATICAL STUDY 

BY G. H. JAMISON 

The teacher of high school 1nathe1natics sometimes feels that 
he js in a field of work very much isolated f ron1 the rest of the 
world. He, along ,vith some of his students, sometimes vvonders 
if there is any connection bet,vcen mathen1atics and the every 
day life vvhich one constantly 1neets. To 1nany people 1nathe­
matics see1ns to have had its origin in the peculiarly endowed 
minds of a few geniuses of the past. This paper hopes to suggest 
a field to vvhich the teacher may go not only to find t he proper 
relation ,vhjch mathe1natics bears to life hut also to got 1naterial 
for enlivening tho interest of the pupils in the great science. 

,vho thinks novv-a-days of teaching Caesar without 1naps 
and references to the history of the ,vars of that great general'? 
Along vvith tho t ranslations the class constructs models of the 
bridges and forts used in t he ca1npaigns and studies the plans of 
battle. Tho subject is robbed of so1ne of its abstractions by 
ref c.rences to the custo1ns of the people, and to their 1nanner of 
living. Latin 1nay once have been a dry, uninteresting subject 
,vith no relation to life but it is not so no,v. The- teacher of 
n1athen1atics has so1nething to learn here. Our 1nathen1atics 
,,6th its <le1nonstration of propositions, varied no,v and t hen ,vith 
original exercises and corollaries, and ,vith the x's, y's and z's of 
algebra has scc1ned abstract and far re1novccl fron1 anything of 
life. To remove so1ne of its abstractions, to relate it ,vith the 
progress of civilization, to create an interest in it by references 
to its failures and struggles in developn1ent and by a study of the 
men ,vho have given their lives for its truth, constitute so1ne of 
the principal uses to be 1nacle of the history of 1nathc1natics jn the 
teaching of that subject. 

The history of mat he1natics should give the teacher a point 
of vie,v in approaching the subject. There is 1nuch truth in the 
theory ,vhich says that" the child learns s01ne,vhat as the race has 
learned." \Vherc the race has had struggles the child will probably 
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have difficulty. I t has taken the ,vorlcl hundreds, yes, thousands, 
of years to learn so1ne of the si1nplest facts of our arithrnetic­
fact. ,vhich 1nade possible and hastened the progress of civiliza­
tion. A tudy of the hard struggles ,vhich the race has encoun­
tered in developing it. 1nathen1atics will give the teacher a patience 
that will not expect pupils to learn it all in a brief hour. The 
history of 1nathematics should be a sort of pedagogical instructor 
for the teacher. I t will give hirn the order of development of the 
different branches of mathen1atics. He will learn that most 
schools of our count ry violate this order, ·while many European 
countries f ollo,v it. Ho will discover that the present plea of 
leading educators for the unification of mathematics is in line 
,vith the historical development. There is no need and no justi­
fication whatever for handling arith1nctic, algebra and geometry 
as three co1npart1nentally distinct subjects. History teaches us 
that these three subjects arose at practically the same stage of 
civilization and have advanced in close contact, constantly giving 
and receiving aid fro1n each other. And the geometry which we 
teach last has gi vcn n1ost ai<l. 

early every topic of study has a history which is very inter­
esting. I t 1nay be tho student is studying the ratio of the circum­
ference of a circle to its diameter. W o call this ratio '"' (pi, a 
Greek letter) . In t he Bri6sh museum is a papyrus, known as the 
Ahn1es n1anuscript, which dates back to about 2400 B. C. This 
papyrus states that the area of t he circle is, as we ·would state it 
(-i )2d2 or ·~ fd2

• Since the area=¼ ,r d2
, it is clearly seen that the 

Ah1nes value of 'IT' is 2-,l/ or 3.1604. If the student is directed to 
I Kings 7: 23 or II Chronicles 4: 2, he will find that the people of 
that time thought its value to be 3. "\Vit h an interesting historical 
background let the pupjl proceed to find the value of ir even 
more accurately t han t he people of long ago. The Hindu system 
of n1otation suggests an hour of great interest. Study the sy1nbol 
zero. "\Vithout it, progress ,vas well nigh i1npossible. It n1ade 
its first appearance in India about 876 A. D. It was perhaps 
first written as a dot, and the Arabs, who have not yet come in 
contact with western civilization, still use the dot as zero. Since 
the clot could be easily erased by the traders, it ,vas written as a 
polygon and t hen it degenerated into the present sy1nbol. It 
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was not widely used in Europe until about four hundred years 
ago. The first definite trace of zero a1nong the Chinese is in the 
,vork of Tsin of 124 7 A. D. Of equal interest ,vould be a study of 
our own cun1berso1ne system of 1neasurements, logarithms, frac­
tions, the metric system, etc. In arithmetic or geometry when 
the class co1nes to the f a1nous theorem of Pythagoras let the 
pupils kno,v so1nE'thing of that man, of the great school he founded, 
of the.. great society of 1nathematicians and their queer habits and 
rules. Let then1 kno,v that mathematicians were sometimes killed 
si1nply for revealing the n1ethods of solving problems. One man 
,vas drowned for stating that the sun was larger than the Pelopen­
nesus. rfhe reciting of these facts no,v and then will awaken the 
pupil and should introduce into the abstract work a human element 
of great value. This paragraph is only suggestive of the rich 
material ,vhich a teacher can have at hand for creating an interest 
in mathematics and showing that it is an outgrowth of the needs 
of the people. 

Most of the textbooks of recent date are introducing brief 
historical notes and pictures of the great mathematicians. With 
their notes as a clue the teacher can go to any text on the hjstory 
of mathe1natics and find valuable and interesting material. One 
teacher who has made large use of the historical background 
gives this as the result: "It captivates the wandering interest 
and creates a new vigor jn the solution of all problems." Better 
than learning how to solve a problem is the desire to solve it. 
The taste for the subject as ,vell as the subject 1natter should be 
in the teacher's thought as she, prepares and conducts the recita­
tion. The former attitude has been too much neglected. "I 
want to learn more of the subject" should be the expression read 
in the pupil's face when a given task is co1npleted. 

Another suggestion is that the rooms devoted to the teaching 
of mathematics be decorated with the pictures of leading mathe­
maticians. These may be had without much expense. Have 
the class look at the pictures of Descartes or Euclid qr Na pier 
as it studies the contributions of these n1en. vVould it not be 
worth while to have a picture of Sir Isaac Newton, of whom Laplace 
when speaking of the work which contained the principles of the 
calculus discovered by him, said: "It will always remain pre-
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eminent above all other productions of the human mind." One 
of the principles which Brandf ord enunciated is that we should 
"make the pupil gradually familiar wjth the great names, the 
interesting facts in mathematical hjstory, the long struggles, the 
frequent blunders and the final successes· of his ancestors in build­
ing up tho science." 

The history of geon1etry will tell us to do away at first with 
rigid proofs. Very briefly the development is thus stated. The 
early Greek geometry began with Thales about 600 B. C. Hjs 
successors are Pythagoras, Hippocrates, Plato and finally Euclid 
of about 300 B. C. The history of these 300 years records the 
evolution of geometry fro1n results based upon observation, 
experiment and intuition to proofs based upon induction from 
particular cases, the stage reached by Pythagoras. From him 
we trace its development to the growing strictures of proof ascribed 
to Hippocrates and finally to Plato who was the first to provide 
geon1etry with an array of definitions and postulates. At this 
point geometry fell into the hands of philosophers who took it 
fro1n the purely practical field and stated the logical principles of 
mathematical deduction. The geometry then went through the . 
refining stages until it vvas developed into the completeness we 
have in Euclid. Thus it is seen that history justifies the move­
ment to rely greatly upon intuition in the early stages of the 
study of geon1etry and not to insist too early upon rigid demon­
strations. 

The history of mathematics will give anyone a great respect 
for the science which is at the basis of the world's progress. Mathe­
matics antedates all the other familiar sciences, astrono1ny alone 
excepted. It has been termed the hand maiden of the sciences. 
One of the sources of its greatness is due to the fact that it is the 
servant of everything. It is largely if not entirely due to the 
aid of applied mathematics that the great war in Europe is now 
being waged as no ·war before ever has been fought. Just a few 
weeks ago Secretary Daniels of the Navy Department, in arrang­
ing for the personnel of the advisory board for the Bureau of Inven­
tion, wrote to the presidents of the eight leading scientific societjes 
of the country, asking that two members be selected from each. 
The American l\tfathematical Society has selected two. Thomas 
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Edison the inventor says that he does not have time to learn 
mathematics, but he has a high priced mathematician constantly 
at hand. But mathematics is more than a servant. Perhaps 
more than any other science is it able to stand alone. It is a 
,vorld unto itself containing truth and beauty, and ,vhen you have 
1nastered the secrets of nature, some principle from mathematics 
is used in applying or giving to the world this secret. Says a man 
prominent in the educational world, "One of nature's demands in 
which she is inexorable is a study of higher, the highest mathe­
matics. The interpretation of her la,vs requires it." 

If we take as the standard of appreciation of a science the 
application of it to daily life, mathematics ,vill not suffer. Samuel 
G. Barton of the University of Pennsylvania selected from the 
Encyclopedia Britannica, the 11th edition, the subjects which 
have required the symbols of infinitesimal calculus in their treat­
ment. The list has one hundred four headings. A few of them 
are as follows: aether, bridge, calculating machine, chemistry, 
clock, illun1ination, light, lens, lubrication, map, ship-building, 
sky, steam engine, sun, tide and 1neasurement of time. If a 
lower subject had been selected such as trigonometry the list 
would have been far greater. Only about one fourth of the 
headings are pure mathematics. 

If the teacher finds the recitation hour growing dull and the 
pupils sleepy and ·wants to add zest to study recite some of tho 
incidents suggested by these topics: The Story of the Pythago­
i-eans and the five pointed ~tar as the e1nblem of their fraternity, 
the three famous problems of antiquity, the inscription on Plato's 
door, the royal road to geometry, the story of Cardan's theft, 
Pascal's study of geometry ,vhen for bidden to do so by his father 
and his writing a treatise on conic sections ,vhen fifteen years of 
age, the great contests in problem solving in which Descartes 
and Newton participated, the death of Do l\!Ioivre, the story of 
the invenfion of the sy1nbols of arith1nctic, etc., etc . Of n1ore 
than passing interest are so1nc of the n1athe1natical experiences 
of n1en who have figured 1nost pron1inently in the history of our 
country. Washington ,vas very fond of 1natheinatics and re1nain­
ed in school t,vo years longer ~han he had intended in order to 
study that subject. \Vhen Lincoln left CongrPss in 1849 he felt 
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a. lack in hi1nsclf of the power of clo:r and sustained reasoning and 
to re1nedy this defect and to get a bettrr education he applied 
hin1self to the study of logic and 1nathr1natics. General Grant 
,vas very strong in 1nat hr1natics and he nrvrr was willing for any 
one else to ·work his proble1ns for hin1. Jeff crson kept up the 
study of 1nathcn1atics as long as he lived and a biographer says 
that "he delighted in applying its principles t'o anything and 
everything." vVhen President Garfield ·was a boy in school he 
,vrote out an original proof of the Pythagorean theorem ·which is 
quite si1nple. \Vebster speaking in 1828 of pure 1nathematics 
says that "it is ignorance only ,vhich can speak or think of that 
sublin1e science as usolrss research or barren speculation." 

Tho student of 1nusic goes to his history and learns about the 
1nasters of 1nusir. The artist knows the Raphaels and Do Vincis. 
Ono ,vould not think of studying literature, ·without first learning 
so1nething of the lives of the makers of literature, and ,vhy should 
the student of mathe1natics be left in ignorance of the great 
history which has attended its development? This question 
becomes emphasized and must be answered in view of the great 
light and interest which tho history of mathe1natics gives to the 
study of it. 

"God geometrizes continually. "-PLATO. 

"X o subject loses more than mathematics by any attempt to dissociate 
it from its history. "-GLAJSHER. 
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THE VALUE OF A LIFE SETTING TO ALGEBRA 
PROBLEMS 

BY BYRON COSBY 

In a recent publication Dr. Charles Hubbard J ucld, states 
that in eleven suburban high schools surrounding Chicago, thirty 
per cent of the nu1nber of students enrolled in the first year high 
school algebra either vvithdra,v from the subject or fail to pass. 
While tho nurnber is no higher than the loss in some other high 
school classes, it is evidence that our present course in first year 
algebra is not well suited to the first year high school student. 
Our present first year course in high school algebra is too f onnal. 
The course is so arranged that the student 1nay have a chance to 
get great technique in the formal algebra, but is not taught to 
apply the principles readily and accurately. 

At the present time there is much discussion in the nevvspaper, 
professional magazine, recent educational publication and teachers 
associations as to the advisability of continuing our present .type 
of algebra in the first year high school. The history of the develop­
ment of algebra would probably place algebra af tor tho geometry, 
as a glance at Greek history ,vill sho,v. Also there seems to be a 
dissatisfaction among the mathematics teachers as is evidenced 
by the new texts, the development of ne,v methods of presentation; 
as the graphical formula rather than the equation, applied or real 
problems and other schemes that arc suggested. The most enthus­
iastic supporters of algebra feel that the material of the first year 
high school algebra should be changed, rearranged, approached 
from another angle or presented in a different f orn1. 

Algebra is an economic symbolisrn. As a type of notatjon 
it is valuable. In the beginning the student must learn to trans­
late from his thinking language over into the sy1nbolic language 
of algebra. Before a translation can be rnado the student rnust 
know something about the theme under discussion and 1nust 
understand tho notj on in the terminology of tho language that he 
speaks, not that of the teacher or the book. When he has a 
working knowledge in his language, he will have a chance to 
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·work the material over into the symbolism of algebra. Thcrc­
f ore, since a student can function better in those things that he is 
acquainted ,vith, it is necessary for economic reasons to find a 
concrete or physical ,vay of approach to the algebraic problem. 
If the problein can be associated with some notion or activity 
that the student is f an1iliar with, or can easily interpret frorn 
p1evious experiences, it is the more readily understood. rro start 
·with an assu1nption that may be obvious or not, and then by logical 
deductions arrjve at a conclusion may give a pretty piece of work, 
but not necessarily attractive to the student. 

Believing that familiarity ,vith the material gives greater 
ease in translation from verbal language to algebraic symbolism, 
this paper attempts to give some individual illustrations in which 
a life setting or a familiar evaluation may be placed upon the 
problem. This notion docs not limit the field of algebraic endeavor 
for algebraic problems have not only the possibility of being extend­
ed to the solution of some situation in the ,vorld's activity, but 
also as a question of, or a part of 1nathematical truth. If algebra 
is to be taught for its cultural value, that is as a part of the world's 
great body of truth, used in social and econo1nic organizatjons:, 
and as a tool for material construction and mechanical adjustment 
it is essential that the setting of the notion be as closely related to 
life as possible. 

In introducing the idea of area the problem should be asso­
ciated ,vith the arithmetical situations of the rectangle and the 
triangle. In lettering the figure it is best to use the first letter of 
the ,vord describing the position spoken about, as b for the ·word 
base, h for height and A for area. From the numerical problems 
of arithmetic it is easy to pass to the algebraic formula for area of 
the rectangle or triangle. In like manner the arithmetic situa­
tions in distance, rate, and time or in the interest problem involving 
the principal, rate, time and interest give familiar approach to the 
problc1n. The forn1ula A= (1 +ri o-)np has little significance because 
of its compactness, but vvhen the arithmetic or life setting that the 
student has may be translated over into this f onnula, and the 
f onnula used in finding the value of his building and loan invest­
ment, or the value of his father's life insurance, he sees a good 
reason for studying logarith1ns. 
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Is it better to make the positive assumption and state dog­
matically that like signs in multiplication give plus and unlike 
signs give minus or to use the following picture? Assu1ning that 
the student has had enough arithmetic to understand that the 
number representing length multiplied by t he number representing 
width gives tho numerical value of the area, use (a+ b) for the 

ii 
d 

'1 ----------!----

C 

I 
1 

~ ----a ---• ~b• 

length and (c-d) for the width. (a+b) (c-d) = ac+bc - ad- bd. 
It is easily noticeable that the area of (a+b) or length times (c - d) 
or breadth is the t otal area with t he upper strip taken a,vay, and 
since we have always designated taken away by a minus sign, 
even in arithmetic, t he area ad and bd will be prefixed by a nega­
tive sign. Then if we suppose c to be zero, we see that we have 
(a+b) ( - d) = - ad - bd. This is not offered as a proof that 
plus by minus gives the minus sign, but as a means of approach 
to the notion that is ,vithin the field of the child's experience. 
Which is the better the ass~1nption or the approach suggested? 

The study of graphical representation by rectangular co­
ordinates may be easily approached in n1ap 1naking or 1nap draw­
ing. The n1ap in t he book n1ay be ruled to any scale and a sheet 
of paper on which the map is to be made ruled to the sn.1110 scalr . 
1.,he lower margin and the left. hand n1argin rnay serve as the 
directjon lines, which n1ay be called the axes. Fro1n the rnap draw­
ing to a study of latit ude and longit ude, with the prjrno mcri<lian 
and the equator as t he base or direction 1inrs, one 1nay advance 
to a closer study of rectangular co-ordinates. The words north 
and east may be replaced by t he plus signs and south and ,vest 
replaced by the minus signs. As a f urthcr extension of the idea 
the location of the streets and the nu1nberjng of the houses fron1 
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certain base streets in to,vn, together ,vith the problem in land 
surveying, in whjch the principal 1neridian and the base line arc 
the axes, an easy transition may be 1nade to the generalization 
of rectangular co-ordinates, together with the technical or particu­
lar na1nes that we have assigned to the properties of the graphical 
situation. 

In the 1nore advanced algebra do not introduce trigonornetric 
functions by asking the student to plot y = sinx, but rather have 
hj1n study the la,vs of the pendulum, until he sees that the time 
of a f rccly swinging pcndulun1 ren1ains constant, but that the 
a1nplitude gradually decreases. In the study it may be necessary 
to try the experiment in the physics laboratory. Then recall 
that tho ratio decreases as the denominator increases, if the 
numerator cannot increase beyond some fixed constant value, have 
hin1 plot the function y = sinx/ x and then by translation back 
and forth sec if he does not understand the graph, and see if he 
docs not understand it in terms of his laboratory or lif c experience. 

l\1any objections have been advanced against the clock prob­
lem in algebra, but it is an easy approach to an important problem 
in astronomy, and an approach within the field of the child's 
experjence, to a study of the actions of the planets. The earth 
travels eleven times as fast around the sun as Jupiter, giving the 
same problem, ,vith almost the same numbers as in the clock 
problem. The same problem is found in the study of the moon's 
phases. It is obvious that such an approach to a problem vvill 
mean more than the abrupt use of the equation, because the 
equation within itself does not simplify the vvork. The dominant 
thought in algebra is functional thinking. The question always 
is, the magnitude that we must measure depends in ,vhat vvay 
upon some magnitude that we know how to measure. This 
paper is not an argument for the "applied or real" problem, be­
cause such a problem does not necessarily have any significance 
in the acutal life of the child, or even in the practical problems of 
physics. 

This method of presentation of algebraic problems, of which 
only a few illustrations have been given, demands resourceful­
ness and initiative on the part of the teacher, and more or less 
intimate understanding of the elementary principles of many of 
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the activities of life, but jt js not as wastcf ul as the old f orinal 
way and is more natural. At least it is ,vorth thinking about, as 
the projection of an idea into another plane or another setting, or a 
translation 1nay give greater insight into its possibilities. If 
algebra can be translated into terms that a student can under­
stand and then translated back into a concise formula, it ·will be 
,vorth ,vhile as a high school subject because of its economic 
notation. 

"In the high branches of the science of pure mathematics lies the true 
sublime of human acquisition. "-\VEBSTER. 

"All scientific education ·which does not commence with mathematics 
is, of necessity, defective at its foundation. "-Co~1PTE. 
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ANALYTIC GEOMETRY IN OUR HIGH 
SCHOOLS 

BY WM. H. ZEIGEL 

Algebra and geo1netry ,vere always taught together in early 
tin1es. Both pri1nitive algebra and primitive geometry are 
found in the Ahn1es papyrus. In the elements of Euclid there is 
the fusion of pure geo1netry, geometrical algebra, and theory of 
nu1nbers. 1-~he "Su1nma" of Pacioli (1494) contained all of the 
branchC's of 1nathe1natics. The development of these branches 
has been surh as to give each a content of its o-wn. Geometry 
deal. "·ith f onn, but f orn1 1nay be arrived at by algebraic processes, 
or deduced fro1n algebraic relations. So also algebra deals with 
functional relations, but these relations 1nay be arrived at geomet­
rically or pictured gcon1ctrically. Thus each branch may help 
to explain and clarify the other. But all attempts of modern 
tin1es to bring these t,vo subjects, ,vith their vast accumulations 
of in1portant theore1ns and processes, into a perfect fusion have 
usually 1net ,vith ill success. This f ajlure 1nay be partially 
accounted for by the fact that the work of ele1nentary algebra, 
though dealing with sin1ple functions, is 1nuch more easily mastered 
than is the logic involved in dealing 'With form as set forth in geom­
etry. The first can be co1nprehenclod by the child 1nind, the other 
often requires a 1nature 1nind. So there seems to be a period of 
separate development required, ,vhere each subject shall receive 
special treatn1ent, "·here a constant effort is 1nade to bring about 
all possible natural co-ordinations. 

K ow, since these two branches of 1nathe1natics do thro,v so 
1nuch of light on each other, is it not appropriate to ask whether 
or not there is a plare in the high school curriculum, where these 
two subjects can be brought together? l\1ay it not be ,vell to give 
to the great mass of our children, ,vho in general ·will not be 
permitted or inclined to continue t heir studies beyond the high 
school, a chance at least of seeing these two subjects to their best 
advantage, as revealed in analytic geo1netry? 

To be sure I ,vould not urge this upon all the chjldren of our 
high schools. In our complex civilization the high school has 
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become a necessity. 1\/Iore and more, large numbers, if not quite 
all of our children, ·will attend our high schools. The courses 
offered must ultin1ately be of a nature to make our boys and girls 
efficient in all occupations and prof cssions of life. The school 
n1ust exist for the children, and prepare each to do better the ,vork 
he is fitted to do. Thus our courses will co1ne to be largely elective. 
Even algebra and Euclidean geo1netry 1nay become elccti vo 
courses. So also for those who like mathe1natics, some ele1nentary 
phases of analytic geo1netry 1night ·well constitute an elective 
course in our four year high schools. To produce 1nathen1aticians, 
it is not desirable to con1pel children, that have shown a lack of 
capacity for the subject, to continue its study. To do so wears 
out the teacher and discourages the pupil. It is desirable however 
to give to every boy and girl, who is mathematically inclined, a 
glirnpse into the higher and 1nore generalized processes, so that he 
1nay be able to judge the subject of his o,vn accord. Analytic 
geometry is so different fron1 ordinary geon1etry in its fascinating 
povver, that ,vere it taught in our high schools, it ,vould no doubt 
cause many of 1nathe1natical ability to discover the1nselves. 

But granted that it n1ight be introduced for the purposes 
and under the conditions mentioned above, (1) what would be the 
preparation required in algebra, Euclidean geo1netry, and trigo­
nometry? (2) Can analytic geon1etry be understood by high 
school students? (3) What distinct advantage ·would it give? 

In ans,ver to question (1), it may be said that a minimu1n of 
one and one-half years' ·work in algebra should be given; that fro1n 
a year to one and one-half years should be drvoted to plane geom­
etry, together ,vith the elements of trigonometry; but that analytic 
geometry should take the place of the one-half year elective course 
usually offered in solid geometry, and for students, ,vho are espec­
ially interested in mathematics, analytic geometry might ,Yell 
take the place of the one-half year of high school arithmetic 
that is offered in many of our schools. Thus ·with a 1naxi1nu1n of 
one year of analytic geometry ·we need not have more than four 
units of high school 1nathen1atics. The analytic geo1netry of the 
straight line and circle would be quite sufficient for our purposfls, 
and the equations of these curves should bl?' ref erred to rectangular 
axes only. By exa1nining the theoretical ,,·ork of the first one 
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hundred pages of Ashton's Analytic Geometry that uses rectangular 
axes, ,ve find but two theorems of Euclidean geometry used. 
Na1nely: The Pythagorean theorem, and the one regarding the 
ratio of corresponding sides of similar triangles. The first is 
needed to find the distance between two points, the second to 
divide a line in a given ratio, and to find the equation of a 
straight line through two points. But both of these theorems 
are familiar to students from their study of arithmetic. How­
ever, fro1n trigonometry we need to know the meaning of a tangent 
of an angle as soon as we come to the equation y - y1 =l(x- x1

). 

li-12 
We also need to know that tan 0 =--,when we find the angle 

I+lib 
between two lines, or when we find the equation of one line that 
1nakes a given angle with another line. Also we need to know the 
significance of sine and cosine of an angle in finding the normal 
form of the equation of a straight line; also the fact that sin2x+ 
cos2x = 1, which is used in reducing the general equation of a 
straight line to the normal fonn. But this is the extent of our 
geometrical and trigonometric requirements, and it is evident that 
these trigonometric functions are mainly dependent upon the two 
geometric theorems enumerated. Then it ·would appear that 
with a proper selection of material from plane geometry and 
trigonometry, that one year devoted to these subjects would be 
sufficient to fit those who are apt in mathematics for the considera­
tion of the simpler notions and problems of analytic geometry. 
To be sure, the problem work of the text which I have cited might 
require more theorems than the ones mentioned; but it is also to 
be remembered that it is possible to obtain the theorems of our 
Euclidean geometry analytically. No doubt a special text should 
be prepared for high school use, embodying a homogeneous course 
well worked out. 

Question (2), "Can analytic geo1netry be understood by high 
school pupils?" To answer this question we should recall the 
limited number of geometric and trigonometric theorems needed; 
also the fact that there is no algebra required beyond the quad­
ratic equation, the discriminant being an important notion. 
Furthermore the graphical work of algebra will srrvc as a good 
introduction to the subject. It is also significant that Newton, 
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perhaps the greatest mathematician of all times, studied and mas­
tered Descartes' analytic geometry before he ever studied Eucli­
dean geo1netry. Moreover Descartes' geo1notry was perhaps 
made obscure ·with the idea of rendering it difficult, so that others 
might not acquire this new instrument of investigation. Also it 
is a well kno,vn fact , that Newton, ·when he took his bachelor's 
degree, was deficient in Euclidean geo1netry. Barrow, his teacher, 
recognized it. Nevertheless, Newton had mastered analytic 
geometry, and had at t his ti1ne invented fluxional calculus, and had 
discovered the bino1nial theore1n. The idea of introducing analy­
tic geometry into the high school is no 1nere fanciful theory. 
In the ·work of the eleventh and twelfth years, France, Gennany, 
Austria, Sweden, Denmark, S,vitzerland, and Rou1nania have 
courses in bot h analytic geometry and calculus. Tho student 
who has completed twelve years' ,vork in these countries has 
studied more mathernatics than is offered in any of the secondary 
schools of the United States. Also analytic geon1etry is taught 
in a few of the high schools in the state of Indiana. The ref ore 
,ve seem justified in the vie,v that the subject is not too 
difficult. 

Quesfaon (3), "What distinct advantage will the study of 
analytic geometry give?" It ,vill acquaint the student ,vith a 
subject that has revolutionized the 1nothods of all mathen1atical 
investigations. Euclidean geon1etry had reached the lin1it of 
its possibilities. In order to solve a problern propounded by 
Pappus, Descartes was led to· t he invention of analytic geo1netry. 
The quadrature of the circle, and the rectification of curves in 
general were beyond the po,vcrs of this ancient gemnetry. Eucli­
dean geometry is a tedious process. It requires a special procedure 
for each problen1 considered. Analytic geo1nctry, ho,vevcr, 
deduces general principles by ,vhich any supposed property can be 
shown true or f also. As an illustration of 1ny 1ncaning, suppose a 
point P has co-ordinates (2, 3) and that a third straight line has 
the intercepts I and 2 on the x and y axes of ref crcnce. Find th0 
distance of the point P fro1n t his third straight line. In Euclidean 
geometry this would be a special problein, and though it 1night 
have a general solution, t he generalized result ,vould stand out 
as an isolated fact. But hovv different it is in analytic gco1nct ry. 
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The equation of the straight line is 
X y 
- + - = 1 or 
1 2 

2 x+y-2=0. 

In the nonnal f onn this bcco1ncs 
2x y 2 
-+-- --=0. 
-V5 I 5 l 5 

By analytic gcon1etry the distance, cl of a pt(x1
, y1

) from a 
straight line x cos <t> +Y sin cp = p is cl= x1cos cp +y1sin cp -p. 

2(2) 3 2 5 
. ·. d= ~ +-- ---=-· = l 5. 

1 5 1 5 1 5 1 5 

Thus in analytic geo1netry we have in the normal form of the 
equation of a straight line, tho rneans of solving any problc1n of 
this character. Scores of si1nilar and even 1norc striking illustra­
tions n1ight be given. Let us take one other illustration. About 
the intersection of two orthogonal straight lines as center a circle 
of radius 5 is clccribed. Show that the line that has intercepts 
8½ and 6¼ on these lines, is tangent to the circle. By analytic 
geo1netry the equation of the line ref erred i o the orthogonal 
lines as axes is 

(1) 3x+4y=25. 

The equation of the circle is 
(2) x 2 +y2 = 25. 

If -we put (1) in the slope for1n, we have 
(1) 1 y= -¾x+-2..f. 
Tow by analytic geon1etry (1)1 is tangent to (2) if b=r 1/ 1+12 

where b= ?l-, l= -¾, r=5. Then 2,l =5 1 1+r96"=5· ~ =2,-i-. 
. ·. (1)1 or (1) is tangent to (2). It is,vorthyof notice that the 
method used in the preceding illustration could also have been 
used here instead of the plan cn1ployed. Did time pern1it, it 
would be interesting to compare t his ·with t he Euclidean solution 
of the problem. Moreover, the method used here for the circle 
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is a special case of a 1nore general method applicable to all conics. 
Thus we see tho problc1ns of the Greeks ,vere isolated. The solu­
tion of one did not prepare the way for another. But in analytic 
gco1nctry, from so1ne geo1nctrical property, vve obtain an equation 
involving x and y, the running co-ordinates of the point, and no 
other unkno,vns. 1.,his equation contains every property of the 
curve, and it can be deduced without any further reference to 
geometrical constructions. So it is that 1nultitudes of proble111s 
and theoren1s bcco1ne special cases of n1ore general thcorr1ns, and 
a 1nass of detail that burdens and confuses the 1nincl is cli1ninatcd. 

,ve have already pointed out the relation between the graph­
ical work of algebra and analytic gco1nctry. Let us give one 
other illustration of the vital connection bct,veen this new geo1ne­
try and algebra. ,ve havr learned in algebra, that if ,vc , olve a 
quadratic equation in x and y ,vith a linear equation involving 
the same variablrs, ihat ,vc always get two solutions, real, coin­
cident or imaginary. ,ve have sern that thr graphical representa­
tions of the real solution. arc the coordinates of the t"·o distinct 
points of intersection; but that when the solutions arr coincidrnt 
the secant line has beco1nc a tangent line, and thrreforc the condi­
tion for tangency is the conditjon for equal roots, \Yben the quad­
ratic equation and the linear equation are solvrd si1nultaneously. 
For instance lot 

(1) x2 +y2 = r2 be the equation of a circle, ancl 
(2) y = lx+ b he the equation of a straight line. 

If, when ,ve solve (1) and (2) si1nultancously, \\'C" takr the condi­
tion for equal roots, ·we obtain a relation betwcrn the constants 
which is the condition for tangency. Thus we have 

( 1 + 12
) x2 + 21 b x + (1/- r2

) = 0. 

N o,v by algebra the condition for equal roots is 

(21 b)2 - 4(1 + 12
) (l}-r2

) = 0 
01' 
--

b=r 1/ 1+12 , orb= - rl 1+12 . 

. · . t here arc tw·o tangents to (1), and their equations are 

y=l x+r 1 ' 1+12 and y=lx-r 1/ 1+!2. 
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Like-wise in a n1ultitude of ways algebra reveals geometrical 
relations, and geo1netry visualizes algebra. Finally, we observe 
that analytic geon1etry by means of equations of curves and sur­
f aces, makes calculus, that most powerful instru1nent of research, 
possible. T'he difficult problmns of t he ancients yield up t heir 
secrets willingly to this marvelous means of investigation. So 
too, t he idea of functionality runs like a thread t hrough the whole 
of analytic geon1etry, obtruding itself with such force upon the 
1nind of the learner, that he cannot help but get some grasp of 
variation, and its underlying significance in all the proble1ns of 
life. 

Analytic geon1etry is basic in all new methods of mathematical 
research. The si1nplicity of its content, the history of the subject, 
the interrelations of algebra and geometry, the generality of its 
processes, its enlarged view of functionality, its fundamental 
entrance into calculus, all lead us to desire its introduction as an 
elective course into our four year high schools. 

"If the Greeks had not cultivated conic sections, Keplar could not have 
superseded Ptolemy. ''- \YHEWELL. 

"The art of measuring brings the world into subjection to man: the ar t 
of writing prevents his knowledge from perishing along with himself: together, 
they make man-what :Xature has not made him-all-pmyerful and eternal." 
- ~IO~L\ISEN. 
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SETS OF ORTHOGONAL FUNCTIONS AND 
THEIR OSCILLATION PROPERTIES 

BY CHAS. A. EPPERSO:.\T 

A set of functions f 1 (x), f2(x) .... is said to be orthogonal 

in the interval (a, b) if a Jbfi (x) · fj(x)clx = 0 (i not equal to j) and 

if a Jb f;(x) cl x is different from 0. In the rnen1oirs of Stunn and 

Liouville (Liouville, Journal de l\1athen1atiques: Vol. I-II, 1836), 
two classes of theorems are found concerning sets of orthogonal 
functions. The first deals with the nu1nbcr of sign-changes in 
fu(x), and the scroncl with the nu1nber of sign-changes in a poly­
no1nial c1fi(x) +c2f2(x) +,., ..... Cnfn(x). rrhe functions of the 
orthogonal sots with which they deal are solutions of a differential 
equation containing a single panuneter. 

T'he question arises as to ·whether these two classes of theoren1s 
arc consequences of the 1nere orthogonality of the function sets, 
or whether the differential equation is a necessary condition for 
the111. '\Ve shall presently sec that orthogonality alone is not. a 
sufficicn t condition for the oscillation t.heoren1s in question; but 
that ·with the addition of the hypotheses of the non-vanishing of a 
certain set of detenninants it bccon1cs so. 

In sets of orthogonal functions, fi(x), f2(x), fs(x) .... fn(x) 
as just defined, it is frequently found that f i (x) has one 111orc sign­
change than fi-1 in the intervnJ~ for which the functions are ortho­
gonal. That this is not a consequence of orthogonality alonr is 
seen by the following exa1nplc, since in it f o(x) docs not vnnish, 
f 1(x) vanishes once, and f2(x) also vanishPs but once. 

The exa1nplo is: 
fo(x) = 1 
f1(x) = 1 +27 (x-½) 

= -5+18x 
= 13·-18x 
=l 

f2(x) = I 
=-5+18x 
=13-18x 
=1-27 (x-}) 

O<x<½ 
½<x<i 
½<x<j 
i<x<J 
O<x<~ 
½<x<½ 
i<x<~ 
}<x<l 

*Interval will be taken to n1ean open interval. 



and the interval or orthogonality is (O, J) . Our investigation 
shows, however, that a sufficient condition for t he sign-changes 
observed is the non-vanishing of the determinants: 

fo(xo), fi(xo) f2(xo) ....... .f n (xo) 
fo(x1) f1(X1) f2(x1) ........ f n (xi) 

x i is different 
from Xj 

n=l,2,3, .... 

A set of orthogonal functions satisfying these conditions ,ve will 
say has the property "D ". 

Let us notice also that the non-vanishing of this determinant 
is t he necessary condition for the possibjlity of making a linear 
co1nbination of n + 1 functions pass through n + 1 points, at least 
one of ,vhose ordinates is not zero. Thus the condition for inter­
polation is the condition for the observed sign-changes. 

,vith this introduction ,ve 1nay no,v state 

THEOREM I. In a set of orthogonal functions f 0, f 1, .. f :n 

having the property " D" , fn has not more than n sign­
changes in the interval o f orthogonality. 

For, by hypothesis, the deterininant 

f o(xo) f i(xo) .......... f O (xo) 
f o(x1) f 1 (x1) .......... f n (x1) 

does not vanish. If f n has n + 1 sign-changes, set xo, X1, .... Xn 

respectively equal to the n + J values of x at which f n (x) changes 
sign. Each elenicnt of the last column is thus seen to be zero and 
the determinant vanishes, ,vhich contradicts our hypothesis. 

THEOREM II. If Fn(x) is a linear combination of contin­
uous orthogonal functions, as F n (x) = cof o(x) + c1f 1 (x) .... c0 f n (x) 
and if the set f0(x), f1(x) .... . ... f 0 (x) has the property "D", 
then F n (x) has not more than n zeros in the interval of 
orthogonality . 
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If F n(x) has n + 1 zeros call t he points at which it vanishes, 
xo, Xi, X2 .... Xn. Substit ute t hese points in t he equation for F n(x). 
vV c t hen have n + 1 homogeneous equations in the n + 1 co­
efficients cj . 

H ence t he deterrninant 

fo(xo), f1(xo) ......... fn(xo) 
fo(x1) f1(x1) . .. . ...... fn(x1) 

fo(xn) f1(x ) ........ fu(xu) 

must vanish, ,vhich contradicts tho assumption that tho <letorrn­
inant is different from zero. 

THEOREM III. If Fn(x), as defined in theorem II has n 
roots in the interval of orthogonality, it changes sign at 
each. 

T o show that F n (x) actually changes sign and docs not vanish 
wit hout changing sign at any of its n roots, we will suppose that 
at one point, say re, is a root of even order. For si1nplicity 
suppose that n = 3. Then F3(x) can have only 3 roots in our given 

r c1-1 
2, 

r .. g j_ 
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interval Ly Theorc1n II. Sup­
pose that r2 is tho double root, 
and that F3 is positivr be-
tween r1 and r2 and betwC'en 
r2 and r3. Let us no,v take n, 

function 

F2(x) = cofo(x) +c1f 1(x) +czf 2(x) 
and rnako F2 vanish at l'i 

und r3 and equal to - 1 at r2. 
Suppose ncnv that the lesser 
of the t,vo 1naxi1na of F3 be­
t.,veen r1 and 1'3 is b, and t hat 
the 1nini1nu1n value of F2 is 
-p. l\1ultiply F2 by b/2p. 
Call the resulting function, 
F211• F2h is negative between 
r1 and 1'3 and less than or 



equal in nbsolutr value to b /2 everywhere in that interval. Now 
F3 is greater than or equal to b at some point in each of the inter­
vals (r1, r2) and (r2, 1'3) and is zero at r2. Adding F3 and F211 we 
get a function F3g which vanishes at r1, between r1 and r2, between 
r 2 and r3 and at r3. But F3g is of the form F3g = kofo+ k1f 1 + k2f2 

+ ki3, where the k', arc constants, and by Theorc1n II cannot 
vanish n1ore than three tin1es in the given interval. Ilcnce r2 

1nust be a change of sign and not a double root. 

Our proof is for the case n = 3, and shows the impossibility 
of one vani:hing point ,Yithout change of sign. It applies how­
ever in nJl essentials to any n and to showing the i1npossibility of 
any nu1nbcr of vanishing points without sign-change. 

1"'HEORE:\f IV. If any function is orthogonal to the set 
f o f1, ... .fn-1, having the property uD"', it changes sign at 
least n times in the interval of orthogonality. 

uppose fk has less than n sign-changes, say k < n . Consider 
Fk(x) = cofo(x) +c1f1(x) + ........ ckf k(x). By Theoro1n II and 
the hypothesis that the set f o, f 1, ...... f k has the property "D", 
we ran 1nake Fk change sign at exactly the k points at ,vhich f k 

changes sign and in addition can make it have one value different 
fro1n zero in conunon with f k· The product F k . f k is then every­
,,rhcrc positive in the interval of orthogonality and its jntegral 
taken over that interval cannot be zero. This contradicts our 
orthogonality hypothesis. 

COROLLARY I. f n changes sign exactly n times in the 
interval of orthogonality. 

By 1"'heorern I, f n does not change sign more than n ti1nes. 
By Throre1n IV, fn 1nust change signs 1norc than n ___, 1 tin1es. 
Hence f n 1nust change signs n ti1ncs. 

\Ve shall no,v speak of approximatjng to a function G(x) by a 
linear polyno1nial cofo(x) +c1f1(x) +c2f2(x) + ...... cnfn(x) in the 
functions f i (x). 1"'his approxi1nation ,vill be understood to be in 
tho sense that the integral of the square of tho error is a 1ninin1um, 
that is 

a f b [ G (x)- Cof o(x)-c1f 1 (x) ... : ... cnf n (x)] 
2 
dx 
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is loss than for any other syste1n of coefficients ki. I t is well 
known* that upon t his assun1ption t he c1 are given by t he f orrnulm 

Ci= af bG(x)fl x)dx/ af bf~(x)dx. 

vVith t his definition of approxin1ation we will state, leaving 
t he proof to tho read or, t he following 

THEOREM V. If G(x) Is continuous and Is approximated 
to by the continuous function Au(x) = cofo(x) +c1f1(x) + .... . . 
Cnf u(x) where the set fo, f1, f2, . .. . fn has the property u D", 

the remainder E (x) = G (x)-Au(x) Is orthogonal t o f 0(x), 
f1(x) . . . . fu(x), hence by theorem IV changes sign at least 
n + 1 times and A0 (x) crosses G(x) at least n + 1 times In the 
Interval of orthogonality. 

The orgont hal functions in con1n-t0n use are t he sine and cosine 
functions, t ho Legendre Polyno1nials and the Bessel functions. 
The Bessel fun ctions th01nselves arc not ort hogonal but becornc 
so when n1ultiplicd by I x. I t has hren shownt that each of t hesr 
sets of functions possess t he property " D ", and that t he An(x) 
of Theorem V 111ay be a t rigono1n etric series, a sine series, a cosine 
series, a series of Legendre Polynon1ials, or a series of Bessel 
F unctions. 

*See for instance, Bacher ; An Introduction lo Integral Equations, 
page 55. 

t Epperson: The Oscillation Properties of Certain Sets of Orthogonal 
Functions, l\1Rsters Thesis, University of lVIissouri, 1914. 

" There is nothing so prolific in utilities as abstractions. " - FARADAY. 
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A TEACHER'S LIBRARY 

BY G. H. JAMISON 

It is a well established principle that the teacher should know 
more than the subject he teaches. There is hardly any branch of 
1nathematics which docs not throw some light on the teaching 
of high school mathematics. The study of subjects beyond 
the immediate ones taught helps to get a general view of what is 
below. It is like climbing the mountain to see the whole landscape 
as a panorama. This study of the higher branches of mathematics 
enables one to look at high school 1nathematics as a related whole. 
It gives a better view point for teaching each subject. There is a 
very vital connection between algebra, geometry and trigonometry. 
The study of analtyic geometry is of invaluable help in showing 
that connection. The Germans, Austrians and French recognize 
this in the high requirements to which they hold their teachers. 
If the teacher of mathematics ~is to be successful he must read 
subjects beyond those he teaches. This can be done in prepara­
tion for his work. It can be done in the hour he has for his own 
personal development. I am suggesting below a list of books 
which I know will be helpful and so1ne of them at least should be 
found in a teacher's library. 

For pedagogical help these are good: 
1. The Teaching of Elementary Mathe1natics by S1nith. The 

Macmillan Co., Chicago. This is devoted largely to the historical 
development of arithmetic, algebra and geometry and it indicates 
the 1nethod of approach in the teaching of each. 

2. ·How to Teach Arithmetic by Brown and Coffman. Row, 
Peterson and Co., Chicago. Also The 1.,eaching of Arith1netic 
by Starnper. A1nerican Book Company, Chicago. Also The 
Teaching of Arithmetic by Smith. Ginn & Co., Chicago. rrhese 
are the best texts in the field on tho teaching of aritlunetic. 

3. The Teaching of Mathe1natics by Young. Longmans, 
Chicago. This is perhaps the best text written on the teaching 
of high school 1nathematics. It considers the value in the study 
of mathematics and the different 1nodes and methods. In it are 
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chapters of considerable length devoted to arithmetic, algrbra 
and geo1netry. 

4. A. History of the Teaching of Geometry by Stamper. 
Teacher's College l{ecord. 

5. The T'eaching of High School Mathematics by Evans. 
Houghton, 11iffiin & Co.: Chicago. 

6. The T eaching of Algebra by unn. Longrnans, Green & 
Co., Chicago. 

7. The 1"'eaching of Mathematics in Prussian Schools by 
Young. Longn1ans, Green & Co. 

8. Special Methods in Arithmetic by McMurry. 
For reading along the line of high school 1nathematics and at 

the sa1ne t ime for books containing much more advanced material 
the fallowing are suggested : 

1. A Course in Mathematics Vol. I. by ,voods and Bailey. 
Ginn & Co., Chicago. This book introduces much vvork from 
theory of equations, analytic geometry and calculus with a great 
deal of reference to the work of algebra and trigonometry. 

2. Monographs on Modern Mathematics. Longmans, Chicago. 
This book has eleven chapters written by leading mathen1aticians 
of our country. It contains some material which is beyond the 
complete comprehension of students of undergraduate rank but 
it is highly stimulative of endeavor and progress. 

3. Mathematical Recreations and Essays by Ball. Macmillan. 
4. A History of Mathematics by Ball, and also one by Cajori. 

Mac1nillan. 
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HENRY WARD BEECHER AND MATHEMATICS 

A page from the biography of America's greatest preacher will give the 
thoughtful teacher many lessons to take with him into the classroom. l\1r. 
Beecher attributed much of his power as a speaker and defcndrr of his opinion 
to his early mathematical training. Ile claimed that it was Latin and Mathe­
matics which gave him the pov,·er of study. His teacher at the I\1 t. Pleasant 
Preparatory School was \ \' . P. Fitzgerald. Let us read very thoughtfully 
these remarks from Beecher about his teacher. Says Beecher: "He taught 
me to conquer in studying. 'rhf're is a very hour in which a young nature, 
tugging, discouraged, and weary with books, risPs with the consciousness of 
victorious power into rnasterhood. For ever after he knows that he can learn 
anything if he pleases. It is a distinct, intellectual 'conversion'. 

"I first went to the blackboard, uncertain, soft, full of whimpering. 
'TnAT LESSON ::\JUST BE LEARNRD,' he said in a very quiet tone, but with 
terrible intensity, and vl'ith 1 he certainty of fate . All explanations and 
excuses he trod under foot with utter scornfulness. 'I \Vant that problem; I 
don't ·want any reason ·why you don't get it.' 

"' I did study it two hours.' 
"' That's nothing to me: I ·want the lesson. You need not study it at 

all, or you may study it ten hours- just to suit yourself. I want t he lesson. 
Underwood, go to the blackboard.' 

'" Oh, yes, but "Cnderwood got somebody to SHOW him his lessons.' 
'"'Yhat do I care how you get it? That's your business. But you must 

have it.' 
'' It was tough for a green boy, but it seasoned him. In less than a 

month I had the most intense sense of intellectual independence and courage 
to defend my recitations. 

"In the midst of a recitation1 his cold and calm voice fell upon me1 ':N"o!' 
I hesitated, stopped1 and then went back to the beginning1 and1 on reaching 
the same spot again 'No!' uttered with a tone of perfect conviction1 barred my 
progress. 'The next!' And I sat down in red confusion. He, too, was 
stopped with 'No!' but went right on, finished, and as he sat down, ,vas 
rewarded with, 'Very well.' 

"'Why,' whimpered I, ' I recited it just as he did, and you sai<l ' Xo.' 
'" ,¥hy didn't you say 'YES,' and stick to it? It is not enough to know 

your lesson. You must KNOW that you know it. You have learned nothing 
till you are SURE. If all the world says '~ o,' your business is to say 'Yes,' 
and to PROVE it.'" 

40 






	bulletin1915v15n09_cover
	bulletin1915v15n09_p0i
	bulletin1915v15n09_p0ii
	bulletin1915v15n09_p002
	bulletin1915v15n09_p002a
	bulletin1915v15n09_p002b
	bulletin1915v15n09_p005
	bulletin1915v15n09_p006
	bulletin1915v15n09_p007
	bulletin1915v15n09_p008
	bulletin1915v15n09_p009
	bulletin1915v15n09_p010
	bulletin1915v15n09_p011
	bulletin1915v15n09_p012
	bulletin1915v15n09_p013
	bulletin1915v15n09_p014
	bulletin1915v15n09_p015
	bulletin1915v15n09_p016
	bulletin1915v15n09_p017
	bulletin1915v15n09_p018
	bulletin1915v15n09_p019
	bulletin1915v15n09_p020
	bulletin1915v15n09_p021
	bulletin1915v15n09_p022
	bulletin1915v15n09_p023
	bulletin1915v15n09_p024
	bulletin1915v15n09_p025
	bulletin1915v15n09_p026
	bulletin1915v15n09_p027
	bulletin1915v15n09_p028
	bulletin1915v15n09_p029
	bulletin1915v15n09_p030
	bulletin1915v15n09_p031
	bulletin1915v15n09_p032
	bulletin1915v15n09_p033
	bulletin1915v15n09_p034
	bulletin1915v15n09_p035
	bulletin1915v15n09_p036
	bulletin1915v15n09_p037
	bulletin1915v15n09_p038
	bulletin1915v15n09_p039
	bulletin1915v15n09_p040
	bulletin1915v15n09_p041
	bulletin1915v15n09_p042

